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ON THE ASYMPTOTIC BEHAVIOR OF THE SOLUTIONS OF BOUNDARY 
PROBLEMS FOR QUASILINEAR DIFFERFNTIAL EQUATIONS 

M. I .Vishik and L .A .Lyust ernik+:- 

The construct ion of asymptotic solutions,  involving the  small 
parameter 6 ,  of boundary problems f o r  nonlinear and quas i l i nea r  
d i f f e r e n t i a l  equations i s  demonstrated on t h e  example of ordi-  
nary d i f f e r e n t i a l  equations i n  a d i rec t ion  t ransverse  t o  t h e  
boundary. 
M-domain (which i s  defined) a theorem of asymptotic representa- 
t i on ,  va l id  f o r  t he  so lu t ion  &(x) of t h e  ordinary d i f f e r e n t i a l  
equation l y i n g  i n  M, i s  proved by successive expansions i n  
series of t h e  l i n e a r  case. 

Under assumption of t h e  existence of a bounded 

The method of construct ion of asymptotic solut ions,  involving t h e  small 
parameter E ,  of boundary problems f o r  l i n e a r  d i f f e r e n t i a l  equations (Ref .1, 2) 
i s  a l s o  appl icable  t o  c e r t a i n  c l a s ses  of nonlinear d i f f e r e n t i a l  equations. We 
s h a l l  i l l u s t r a t e  t h i s  on t h e  example of t h e  ordinary d i f f e r e n t i a l  equations 

The asymptotic so lu t ion  of t h i s  problem i n  powers of t h e  parameter A has 
been s tudied by Wasow (Ref.3). Consider t he  boundary equation 

Let some domain D be covered by the  bounding curves w = w(x)  [ i .e . ,  by so- 
l u t i o n s  of eq. ( 2 ) ] .  
= p(x, y) (y = w ( x ) )  and w ” ( x )  = p: + p:p = q(x, y)  are functions of (x, y j .  

Then, i n  the  domain D, t he  values w’ (x) = $ (x, y)/cp(x y) = 

Consider t he  case when, i n  t h e  domain D, 

which, f o r  t h e  so lu t ions  (l), ensures the  appearance of  a boundary l a y e r  i n  the  
neighborhhod of x = 0. 
“from belowr1) f o r  t h e  so lu t ions  (x) of eq.(l) t o  the  curve y = u(x) such t h a t  
f o r  FE(x) 
t h e  zone 0 < x < 1 with y = u(x). 

L e t  us apply t h e  term “secant curve from above” (or  

u(x) (&(x) 2 u(x))  t h e  l i n e  y = YE(x) cannot make contact  wi th in  
For t h i s  it i s  su f f i c i en t  t h a t  

$5 Corresponding Member, USSR Academy of Sciences. 

x-+:- Numbers given i n  t h e  margin ind ica t e  pagination i n  t h e  o r i g i n a l  fore ign  t ex t .  
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L,u --z S l l "  + p ( x ,  u )  [u' - p ( x ,  u ) ,  < 0 (> 0) 

f o r  0 < x <  1. 
on which $ > 0, 

[For example, a secant from above w i l l  be t h e  segment y = const 
or t h e  bounding curve y = w ( x )  on which q < 0.1 

Let there  ex i s t  i n  the zone 0 < x < 1 a domain s a t i s f y i n g  the  following 
conditions ( l e t  us  c a l l  t h i s  the  M-domain): 
of bounding curves y = w ( x ) ,  jo in ing  t h e  poin ts  of t h e  s t r a i g h t  l i n e s  x = 0, 
x = 1; 2) the domain i s  bounded by the  segments [Ao,  A l l  and [Bo, B1] of t h e  
s t r a i g h t  l i n e s  x = 0 and x = 1 and by t h e  curves rl and r2 secant from above and 
from below; - 3 )  t he  segment [Bo, B11 of t h e  s t r a i g h t  l i n e  x = 1 contains a seg- 
ment [BoL B11 such t h a t  every bounding curve y = w(x)  o r ig ina t ing  i n  the  point  
[l, Bl, BO * B 5 B1 w i l l  pass e n t i r e l y  wi th in  t h i s  M-domain i f  0 - x 1. It 
i s  easy t o  convince oneself  t h a t  t he  problem (1) a t  A0 < A < AI, BO < B < El, 
f o r  su f f i c i en t ly  small 8 > 0, has a so lu t ion  y = YE(x) passing wi th in  the  M- 
domain. 

1) The domain i s  covered by a f i e l d  

Unless otherwise spec i f i ca l ly  noted, we w i l l  assume below t h a t  t h e  M-domain 
exists, and t h a t  f o r  t he  i n i t i a l  values A and B t h e  above i n e q u a l i t i e s  a r e  
s a t i s f i e d ,  and t h a t  eq.(3) i s  a l s o  s a t i s f i e d .  
eq.(l) lying i n  t h e  M-domain i s  bounded: Iy~(x ) l  * C; hence it  i s  easy t o  der ive  

17; (x)l 5 C L / € .  I n  inves t iga t ing  t h e  so lu t ion  y = YE (x) it i s  convenient t o  use 
t h e  function z(x) = yL(x) - p(x, YE(x)) .  

We note t h a t  every so lu t ion  of 

Lrrza 
- 

This s a t i s f i e s  t h e  equation 

Obviously, f o r  s u f f i c i e n t l y  small 8 ,  we have 'plr Y1 > 0. 
the  Cauchy problem f o r  eq.(4) f o r  t he  i n i t i a l  conditions a t  x = 0, it can be 
demonstrated t h a t  z(x)  i s  the  sum of an exponentially decreasing term of t h e  
boundary-layer type and a term of t h e  order 8 .  Hence i t  follows ( f o r  su f f i -  
c i en t ly  small E )  t h a t  t h e  so lu t ion  YE(x) of t h e  problem (1) f o r  x 2 x ~ ,  where 
xo = O ( 8  1 I n  8 I ), fa l ls  i n  the  €-neighborhood of t h e  bounding curve y = w(x)  
(w(1)  = B).  
the  boundary-layer type, where v(x0)  = O(c), v'(x0) = O ( 8 ) .  

have v'(x) = O ( l / € ) ,  gv' = O(1). 
we can write,  f o r  t h e  p r inc ipa l  pa r t  vo of t h i s  d i f fe rence  v, t he  following equa- 
t ion :  

Thus, by solving 

For 0 < x < X O ,  t h e  d i f fe rence  v(x) = YE(x) - w(x)  i s  a funct ion of 
For 0 < x < X O ,  we 

Neglecting q u a n t i t i e s  of t he  order of 0(1), 

tu;+ 'p (u,  + a) ub = 0 (v ,  (0) = A - a, a = w (0); 'p (y) = 'p (0, y)). 

This equation i s  e a s i l y  solved i n  quadratures and, as can be ver i f ied ,  f o r  cp 
2 y > 0, we have VO(X) = O(1) exp ( - yx /C) ,  v'(x) = 0(1/€) exp ( - y x / E ) .  

Theorem. If eq. (3) i s  s a t i s f i e d  i n  E and i f  cp(x, y)  and 4 (x, y)  are ac- 
cordingly smooth, t he  following asymptotic represenLations w i l l  be va l id  f o r  t h e  
so lu t ions  YE (x) of problem (1) (where A. < A < A I ,  Bo < 13 < BI), l y i n g  i n  M: 
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We present  t h e  scheme of proof f o r  eq.(6). After separat ion of  t h e  prin- 
c i p a l  terms wo(x)  + VO(X) of t h e  asymptotic solut ion,  we are ab le  t o  l i n e a r i z e  
the  equations determining the  higher terms of t h i s  asymptotic solut ion.  
construct ion of t h e  asymptotic (6) i s  analogous t o  t h e  process described else- 
where (Ref.1, 2) fo r  the  l i n e a r  case. We s t i p u l a t e  t h a t  

The 

where @k i s  a funct ion of WO, w l ,  .. ., w-1, w', ..., wl--1 
Wk a r e  successively determined by t h e  a i d  of t'ne so lu t ion  of t h e  l i n e a r  equa- 
t i o n s  ( 8 ) ;  W k ,  w;, w t  a r e  funct ions bounded on [O, 11. 
so lu t ion  of t h e  boundary l a y e r  yn = vo + €VI i- e . .  + e n f 1 V n + l  w e  start out from 
t h e  equation 

Thus t h e  q u a n t i t i e s  

To f ind  the  asymptotic 

from which, according t o  eq.(7), it follows t h a t  L E ( V n  + G n )  = G ( € " + l ) .  
introduce, as done before (Ref.1, 2), t h e  var iable  t 

Let us  
x / E ;  i n  t h i s  va r i ab le  

d&=u"(f)  + ? ( e l ,  u)u;  - € + ( e t ,  u). 

n 

Let us expand t h e  obtained funct ion wn = Csws i n  a s e r i e s  i n  powers Dg 
of x = c t ;  remembering t h a t  w(0)  = a, and grouping t h e  terms by powers of 8, we 
obta in  

where t h e  PS (t) a r e  polynomials i n  t. 
eq.(9), and expanding the  coe f f i c i en t s  r p ( E t ,  W n )  and $ ( e t ,  W n )  i n  powers of E, 
we obta in  successively 

Subs t i tu t ing  t h i s  expression f o r  W, i n  
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where Yk i s  a funct ion of VO, VI, . . ., Vk-  1, and d s o  of ps (t), i.e.,  of func- 
t i o n s  already found. 
boundary-layer type ( V I ,  = 0), which replaces  t h e  second boundary condition. 
can be proved by induct ion t h a t  a l l  funct ions Vk (k = 0,  1, ..., n + 1) a r e  
funct ions of t he  boundary-layer type. 

I n  t h i s  case, w e  s h a l l  seek vk as funct ions of t h e  
It 

To evaluate R n ( x 1  i n  eq.(6) - we note  t h a t ,  according t o  eqs.(?) and (9) and 
s e t t i n g  YE = 7, y - R n ( =  V n  + E n ) ,  w e  have 

u u u 
Lcy - L,y, = - Ley, = 0 (E"+'), 

If 21 = y: - pix, y ~ ) , ~ + y e  obtain f o r  z 1  an equation d i f f e r i n g  from eq.(4) 
) on t h e  right-hand s ide.  by t h e  introduct ion of O ( C  

have 
Se t t i ng  bz = z - 21, we 

Furthermore, solving eq.(4) and t h e  corresponding equation for z 1  and not- 
i ng  t h a t  both z(0) and z l(0) will be of t h e  order  of l / C ,  we obta in  

6z ( x )  = 0 ( 1  / E )  exp I- y,x / E ]  + 0 (E) R, (ex)  + 0 (E"+'), (16 1 

Considering eq.(15) as an equation l i n e a r  i n  Rn,  solving it under t h e  con- 
d i t i o n  R,(1) = 0, and making use of eq.(16), we ob ta in  

where 5 i s  t h e  point  a t  which IR.(x)I reaches i t s  m a x i m .  
< k < 1, it folluws from eq.(17) t h a t  

If 5 2 0 < 

R, (E) = 0 (1) exp (- y18-') + 0 (E"+'). (18) 

Let 0 < 5 < 
s ince  R',,(?) = 0 ,  

Then, i n t eg ra t ing  eq.(ll+) between and 5,  w e  obtain,  
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5 
’ where, as easy t o  demonstrate, @ = O ( 1 ) R n  + O(x)R,’ and @dx = O ( ~ ” k ) > I R n ( S ) I ,  

E 1-k /7sl 
Further,  ERA (E1-’ ), according t o  eqs. (15) and (16), equals O ( 8 )  I R, (5) I + 

+ O(1) exp [ - Y I G - k l  + O ( E n + l ) .  
duces t o  t h e  i n t e g r a l  of cp(y2 over t he  in t e rva l  ( y l ( ~ l - k ) ,  y(e’”)) 

y(5)) of length  I R n ( S ) I  We note  t h a t  t h e  i n t e  r a l  over t h e  second in t e rva l ,  
which w e  s h a l l  denote by P, exceeds modulo ylR,?S)I. The remaining terms i n  
eq.(l9) y i e l d  an expression of t h e  form: 

The difference of t he  i n t e g r a l s  i n  eq.(19) re- 

IRn(E1‘k)l  = O(1) exp (-YiC- ) + O(e)IRn(S)I + O ( e ” + l )  and t h e  

Hence, according t o  eq. (19) and making use of t h e  inequa l i ty  I PI 2 y 1 R, ( 5 )  I , 
Y > 0, we obta in  

Since t h e  second term of eq.(zl)  i s  of higher order  than  t h e  first, we thus  ob- 
t a i n  I R n ( 5 ) (  = O ( € ” + ’ ) .  The theorem i s  proved. We can s imi l a r ly  prove: 

If i n  t h e  M-gomain, t he  conditions of the theorem being s a t i s f i e d ,  two so- 
l u t i o n s  y ( ~ )  and y ( ~ )  of t h e  problem (1) exist, then  

T<x)  - F(x) = 0 (exp (- yle-k)), 

where k i s  any fixed number between 0 and 1, i.e., t he re  w i l l  always be  unique- 
ness  and accuracy t o  wi th in  a quant i ty  of an exponential order of smallness 
r e l a t i v e  t o  e .  

Suff ic ien t  conditions of uniqueness i n  the M-domain W i l l  be  t h e  simul- 
taneous s a t i s f a c t i o n  of t h e  inequa l i t i e s :  

- Note. The above construct ions a r e  a l s o  appl icable  t o  equations of more 
general  form, f o r  ins tance  c y ”  + f(x, y, y‘) = 0, with r e s t r i c t i o n s  correspond- 
i n g  t o  those ind ica ted  above. 
boundary l a y e r  may have a weaker character  of var ia t ion .  

It should be mentioned t h a t ,  i n  t h i s  case, the  

Notes on quas i l inear  partial d i f f e r e n t i a l  equations. A s  shown elsewhere 
(Ref.1, 2), f o r  t h e  l i n e a r  case the  construction of t h e  boundary l a y e r  reduces 
t o  t h e  so lu t ion  of an ordinary d i f f e r e n t i a l  equation i n  a d i r e c t i o n  t ransverse  
t o  t h e  boundary. Constructions of t h e  same type a r e  a l s o  appl icable  t o  c e r t a i n  
c l a s ses  of quas i l i nea r  e l l i p t i c  p a r t i a l  d i f f e r e n t i a l  equations. For instance,  
f o r  t he  equation E2Au - JI (p, cp, u) = 0 under the conditions uI p=o = f ((p) (p = 0 
being t h e  equation of t h e  boundary r),  $(P, ‘p, 0 )  = 0,  $: 2 y” > 0,  t h e  so lu t ion  
of  t h e  boundary equation (at  E = 0) w i l l  be  w 0, while f o r  t h e  boundary l aye r  
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i n  first approximation w e  obtain t h e  ordinary equation E A(cp) - - 6 

(0, 'p, v) = 0, v l ~ = ~  = f(cp), which For the  follow- 
i n g  approximations, l i n e a r  equations a r e  obtained and an expansion of t h e  type  
of eq.(6) takes place. 
form of  eq.(6) can be obtained, f o r  instance,  f o r  the  quas i l inear  e l l i p t i c  equa- 
t i o n s  LEU = h with a small parameter and higher der iva t ives ,  provided t h a t  l) f o r  
any value o f  E ,  however small, t he re  a l s o  exists a unique smooth so lu t ion  
UE(X, y)  of t he  boundary problem f o r  LEU = h which continuously (uniformly i n  E )  
depends on h [it i s  easy t o  ind ica t e  the  c l a s ses  of such equations on t h e  b a s i s  
of S.N.Bernshteyn's work (ReP.l+)]; 2) t h e  so lu t ion  w of t h e  boundary equation 
(at  = 0) i s  s u f f i c i e n t l y  smooth; 3) the  construct ion of t h e  boundary l a y e r  re- 
duces, for  instance,  t o  an ordinary d i f f e r e n t i a l  equation of t h e  form of eq.( l ) .  

i s  analogous t o  eq . ( l ) .  

By the  same method, an asymptotic representat ion of t h e  
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